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Monday HIGHER ORDER LINEAR|DIFFERENTIALE0/
Introduction

An LDE is one in which the dependent variable and its derivatives
occur only in first degree and are not multiplied together.

The general form of the linear DE of nth order is

dd!Y-n t Piddly, t Pzd!dgt . . . t Pn y
-
- X→ Ci)

where P
, , Pz , Pg - - - Pn and X are functions of n. note : if the

RHS -- O
,
the

function is
An LDE of nth order with constant coefficients is of the form homogeneous

adf.s-ntkddnjnbtkddjny.ae . . . t Kay --X ¥2)
where k, , uh , kg . . . ten are constants and X is a function of a .

Consider

dd!Y-n t k, dd!n¥ t - -
- t kny

-
- o- CD (nth order LDE - homogeneous)

General solution has n arbitrary constants .

If ya , ya . . . yn are n independent solutions of (3) , then

Gyitcryzt . . -tenyn
-
- U is also a solution of the equation 133

,
called

the complete solution .

Therefore
,

data t kidding, tkzdda-tn.at - - - ten U--o - (4)



If y
-

- v is a particular solution of eq. (2) , then ②

df÷ t k,df÷, t - - - t knv -- X- e5)

Adding Kl) and (5)

dd÷n CutV) t k,dCUtu) t - - - t kncutul -- Xdxn-l

this shows that the general solution of equation 121 is made up oftwo parts .

The function u satisfies equation 14) and is called the complementaryfunction.

the second function V is called the particular solution or the particular
integral. gomplementarg function

Hence , general solution = CF t PI- particular integral

the operator D

writing day =D , dd÷ -- D2- - - dd÷ -
-
Dn

Equation 12) becomes

Dry t k, D"
-'

y t . .
. t kny = X

( Dn t k,DN t . . . t kn) y = X

/HDy



RULES TO FIND CF ③

consider an nth order LDE which can be written in the form

f-My =X
To find the CE

,
we write fusty -- o, where f CD) is a polynomial in Dof degree n.

f-CD) --O

⇒ Dnt k, D
"
t . . - t kn --o (nth degree polynomial)

CASE I
Let me , Mr . .

-Mn be the roots .

ooo (D-m,) (D-Ma) - - a CD- Mn) y =D

consider (D-Maly -- O
⇒ duh - May -- O lteibnitzeqn .)

If = et
-Md"

= e-man

the solution is

y e-
Mn"

= Cn

ly-acne.IT/
Similarly ,

y - c, em
"
, y -eczema. . - y -- Chem

""
are also solutions .

therefore
,
CE u = Gem" t Gen"'t . . . ten em

,

"

provided the roots are all real
and distinct.



CASE II ④
If there are 2 repeated roots , say m,

-
-Mz--m ,

and the remaining n-2

are an real and distinct
,thenthe CF is given by

CF -- U-- Cc,kHz) em
"
t Cz em'

"
t Cy emit . . . t Cn em

"

(Proof in Grewal)

CASE#

If there is a pair of complex roots; say
Mr Atif and ma

-

- A- op
and the remaining are real and distinct

,
then

CK ed" ( c, cos fxtczsinpx) t Cz em
"

t . .
. ten em

"

CASE II

If the complex roots atif repeat; say
Mir Mz --Atif , my = My = a

- if
and the remaining are all real and distinct , then

CF - ed" [ cantChaosfact Cczatcalsnipx] + Gems
"

t . . . tenth
"

Example
Let roots = 42,010 , I Ii Fs

CF = Gath) ed" t Cczxtcq) t e
"

( G-cosB t qsinB)



Inverse operator ⑤
ca) D sin x = cosx

④ f-sink = ?

Let ↳sink y ⇒ Dy = sinx

adda = sink ⇒ dy = sinnedx

J dy = fsiundx

y = -cosa

therefore :

• D Ha) = f- 'Cx)

• ¥ fix)
= f Ha) dx

USING THE ¥ OPERATOR

f- (D) y = X

the function I is a function of a independent of arbitrary
constant. f-CD)

Also
,

f- CD) X = X
-

f-CD)

This shows that ¥,
is the particular integral of the DE.

Clearly , f- CD ) and fly,
are inverse operators .



RULES FOR FINDING PARTICULAR INFERAL CPD ⑥
Case I

axtb
When Xie a,b constants

consider

antb

(Dn + KID
""

tkzb
"'t . . - then) y -- X

-
- e

HD) y
=e92tb

Now , Deaktb = aeaxtb
D2eaKtb = qzeaktb

: i

Dneaktb = an eaktb

i. (Dntk ,Dmt . . . kn) eaktb = an earth + k, an
-' ea*b+ .

. .

+ unearth
= eaktb ( an t k, an

"

t . . . tkn)

HD) eaxtb.ca
"b
flat

axtb aktbe
-

= e-
f-CD) fla)

H'
axtb

do PI = egg , provided fla) -1-0



If fca) =D
,

⑦
axtb Check proof in Grewal

PI = ke

¥
,
Ha) -10

case I

when X -- sin Caxtb) or cos Caxtb)

PI --I
f-(D)

Replace D
'

by -ar

Example,

snt(2k-3# a=2

D3t2DZpt1
-a2=-4

=sinC2xt3# = Sh-sC2x-3#
-413 -8-D -11

-5D -7

Multiply by KD -77

(SD-7) 5mC2xt3) = (512- 7) since-13 )
--

GD-7) C-513-7) 49 - 25W

= (SD-7) sin 12743) = 51) this +3) - 78in(2x-13)
-49+100149

If HD)-O , multiply numerator by K q differentiate denominator
Wrtv

.

The introduced functions should not be integrated) differentiated



PROBLEMS ⑧
To solve (D' -1213+1) y = 2e3

"
t 5
"
- bn 2

consider the auxiliary equation

D2t2D tl =D

CD -1172=0
D= -1 , y
-
write all

repetitions
(case I

, page 4)

CF -- Cqxtczyex -
unique function
for which HD) -- O

PI -- Leb" t 5k - lnz ] - X gK=dh5
")

-
xln5

D' -1212+1 y - f-CD)
-
- e

3K x ln 5
=2e_ + e- +e°tln27D42DtID' -120-11 D2 -12171-1

Here
, ¥,

-

- feat
3K xln5

= 2e_ +e-
9+641 (ln5)2t4en5Tt -4€
32C

=eg_ tenths - lnz

In5)Hunt -11
the complete solution is

y -- CF t PI



y
-

- Caxton e-
"

tea +Ie - enz

⑨
In5)
"

t2h54

learn conversion

& solve ( Db- 647g = ekcoghelz,
to exponential.

Sinha = e" ; sink =iei
'

the auxiliary equation a di

coshx = enter cosa = eikte
Db -64=0 a 2

④3-123/(123-23)=0
123 +23=0 133-23=0

(Dt2) ( D2 -213+41=0
(D-2) (D2-12D th) -- O

D --2 D= -2#Fff
D= -2 D=21=716 -

-
2

2

= Ittf =L #Fg
= -Itif

D= It its , I -if

factors : -2,2 , Itirz ,
-Itis

CF -- C
,
e-"'t Cae

"'t e"(Czcosfsxtcqsinru) 1- e-
"

(f- uesfsxtfosinfsx)

"eighty -

- Ele"l÷ie
'
- tie:÷I -

- IGe÷et÷. )
=tale÷ I -- e.io -÷

y = (ft PI



13.11-19 ④
3. solve CDs -PHD -4) y -- e

"

auxiliary equation , synthetic division
D3 -D2-14A -4=0 I 144€
PYD -1) + ULD-11=0 , tf tf
(D2t4) CD-17=0 Taz Tu Te

DHU -- O /D=I
D=

t-FG-t-4IID-t-2ICF-fques2x-czsin2xletcg.ee
pz=ek_

,
D= , Lea"

"

, art)
p3 - p2t4D -4

K

=y¥y =e÷ → not allowed

PI --net = see
"

3122-4-14 ⇒
= ¥1

complete solution is

y - CFTPI



4. CDZ-abthy-s.mx ④
auxiliary eq: atrb

122-40+1=0 ( sards

D= 4tr¥=2±E=2±r3
Attain G-Bbc case#

CF -- Ge the
✓ page >

O

PI --sink = 1-00522 = ga
-costa

D2-40+1 2( D2-UDTI) 2DZ-Mt2

= 21 - cosy sincaxtb)
2D2 -8D-12 D2→ -at

a-2

a yl - ¥ DE -4
-8+2-8D

PI - Iz - costa =L + £2741413 -37
-sp -f (8D -16) CUD -3)

=L tIz(4Dcos2→ -scad)MDT -9 1682-9

-
- Latz ( 4Dud2k_ - 3cos2n_)-64-9 -64-9

=tztLz8tm2 + Lz349217373
PI =L ( It 8mi2%k )
y=CF c- PI



5. (D49) y
- comrade ④

2649) y = cos 3kt lose

auxiliary egn .

205491--0
D= ±3i

CF -- c, cos3kt Czsin 3k

PI = cos3.sc#X2D2tl8
D2→-of

= Lofty task D2→-g
2122-118

= cos3k + uesx
- -

O 16

= xcos# t cosy
4D 16

£ ↳
a pcos3k

¥fws3xdn
= -325,32-12

F- hid3
PI = khY# + case16
y -- CF TPI



b. Solve ¥ 1- teddy = shirt 130
Let D= day (notda )
(Db -14D) y = his 2T
A -E

133 -1417=0

DCDF 41=0
D= 0 or D= £28

Cpa Cc, cosLt t qsin2t ) t Cz

PI = shirt a=2 ⇒ tie-4
DCP44)

= sin 2T
-0

⇒ diff.

= t sits 2T = E sins 2T
- -

3D2-14 - 8

pz = -tonight



case II ④
When X -- um , a polynomial in x of degree M

cpwhfefrmes)
X m

Here , PI =
- =L
f-CD) FCB)

= Ifcpf
-'
am

we now expand (HDD
"
in ascending powers of D as far as Dm

using binomial theorem . and operate on an

Ctx)
"
= I f- nc , Ktnczxte . . .

Ctu)
- I
= I - Itv2 -at t alt . . .

7. solve ④2- 1) y
-- 2K't-3kt I

A. E :

D2- 1--0
D att

CF -- Ge
"
t EE
"

Pte 224-321-2
- CI- D2)

=
- CI-DY

-I (2×4-321-1)
=
- ( I + D2-1134 ) (2xh-3241)
=
- ( 2×4-32+1 ) - D2(2nd-3×-11) -Dh (224-3×-11)

= -2×4 -13k -I - Df 88-3) - D3( 8×3-3 )
= -2xht3n - I -242T- D2(24k'-3)
= -2xht3x -I -29#D(48×1=-2219-132- I -48-24×2
PI = -2×4 -24×2+32-49

y --CftPI



8 . Solve 4342) y =
at -122 t e-

h"
t cos c3xt2) ⑤

'bill - 19
the auxiliary equation is

D2-12=0
D= trai

E- = (c
,
cos Crane) t Czsinlrzx))

Pt = x3ex2te-2"tcosC3xt#
D2-12

→ a=3
-2K -at-9

= x3ta t ¥+2 1- casket
132+2 D2 -12

I , ) ( PID ( Piz)

PII -- xp3zyz# Coase II - page147=2474,27
,

-

- felt
''
ca't't) -

-iz Ci
- Ig ) his tag

[ expand
unit D' (Ha)

-1=4 -xtxt)
-

- La ( at-1×2 - Cristal))
= attach -¥ D ( battle)
= KHAI - I, (6×+2) =L ( x'the-3atD

-2K -2K -2x

Pta = e- = e- = e-
D2-12 C-2)42 6



PIZ =cosfyatzhzcos.cz#zI---yLcosc3xt23l60y--CFtPIitPIz-PIZ

9. Solve CD-25g = 8
"
t sin 2x txt )

(D' - 4121-4) y
=@"t sin 2K tx) 8

CF = D2-UD tu =O
(D-2)2=0
D= 2,2

CF = get"x the"'

PL = @"t8m2xtu48_
D '-4 D -14

=8eFilminess )
- ¥ yrsD ' -4 D -14 (D2-LID -14) D2-UD -14

2K
PI, = 800

( 2" )@ ) = 8e2"
= Key
-

LD -4 O

= €1418 ) a Yale'"
2

Replace D - by -4
Plz = thing a Enif =

- Shifu = - 21mi neckDL-LID -14

= 2ug2x_
-
- costa



'' Io -

- ¥÷ qf.TT#j--2cE2q.--au-EI3a ④
Ctx)n= I + NC

,
a +72K¥ - .

(I - x)
-2

= It -2C,# t

-729ft . .

.

- l - C-2x) + (-21-3)×2
2!

= 2 ( l t D +312) we
= I -12k -132cL

4

= 2 (at-12k -13-126224) - 2Cx42xt3)
4

2

y -- CF-1ps, t Ptt Pfs

10 . d3d¥ + 3%9-2 =L txt e
-3k

Let d- xD
du

AE : (D's-1315) -0
D2 ( D -137=0

17=0,0 , -3

CF - ( c , Kt Ca) t get
"

PL = Hate-3K
-

D3t3D"

-3K
=L tu te
D.3+3132 133+3122 D3t 3D-

PT, PLL Pf,

PL, = Iet" =
ate

3122+613 673+6
= It



"" D¥i=④¥y=Ct¥5÷
→ 8%9:#④

Ctu)
- I

= I t
- ' C

, set
- '
Czk't . . .

- I - n t -1×2 - x
' tah -as

=p
-

Estoy -2413¥
-

- 1¥ -

* +z - ⇒
= ,÷ -¥ ' '

a

-

- EI - It
-37L -3K -3k

PIZ -
- e- = e-=L

D. 3+3122 -27+27 0

-3k -3k
=xe_ = get =x3124613 9

←

-yg ,
can be grouped here →omits

terms

-3k

y= cixtcztcseihltaf tag -YI tae- 9/ CF w - w

q can be
Ph Ptu peg

grouped



case II 190
when X -- Lea

"tb) V where y -- sin Ccxtd ) or cos Ccktd) or
JCM t . . -

axtb
PI = X e= -V

f-CD)

shift D→ Dta (in the denominator)
aktb

PI -- e I→ then proceed with
f- (Dta) method for v

Il . Solve ( D2- 2b - 1) y = e
"
cosa

AE :

D. 2-217-1=0
D. =2tY4# alter

D= Itv2 D= I -R2

CF -- c,
edtr"" t Czech) x

ps = encase = e"¥f÷¥ -
- e
"

.FI#*-sD2-2Dt--e"
com replace D2→ - I

122-2
-

- e
"

cogs = Tze
"
cook

y
-

- CF t PI

= c, d
" "

the
"""

-get wax



12 .
Solve CPI-4) y = K Sinh k

ginha = e
"
- e-
" ②
2-

AE : D2- U = O
④+2)(D- 2)= O

D =L
,
- Z

Cf = gem t C, e-2"

m -
-zn¥: -

- ta
"

I
= ta I ¥¥ - TEI)
-

- ta ( e
"

- e
"

u)
' Ife

"

i¥s
p;
e-"os )

PLA

pen -- Ile
"

-zFz¥DtT))
- g ( e

" Cl -⇐⇒5k )
-
- ate
"

( lezD) a t's)
-. -e÷ ( x -iz) = -qI - ef

Pk -- -ate
"

( sf¥zeDH))
= Fe
"

( I -¥) n -

- II (n -E)
= not -of



Ps -

-

-nite
"
- q-e ④

= Cease) -Ice "

I

PI = -2cg sinha
-2-gcos.hn.

18.11.19 y -_ Cft PL

13. Solve (133 - 3D't3D - 1) y = see
"

AE : 133-3132+313-1=0

(D-1)3=0

D= I, I, I

CF = (Cpi thx 1- Cz) e
"

PI = ate
" ← product of exp
-

9 SUM

(D- 1) 3 I

= ek¥
Shift D→Dta

-
- e
"

lazy -
-
e'' CEI) -- e

"

(÷)

YI.CI/aEIczxtcz3etfyoI)e"



I

case I only of first degree 220
When X -- NEV where f- sincaxtb) or coscaktb)

Here , PI =f⇒ = fatty sin orcas

-
- " ¥,

- t.is#v
'

14. ( D2-1) y
= a sin 3N

AE : D' - 1=0 Bigga
CDTDCD -17=0 MGaaBa•iB
D= -1, et Matthys

CE -- c
,
e-" t ↳ex KµMBBWqqµ

PTI = a. sin32L
-

D2- I

= a spiffy - 21 Shiba

(D2-172
= a sin3k - 6 cos 32L
To Too

= -nagisa - 6%032
Alternate method for PI

PI = k8m3x_ eia -
- code tisince

D2 - l
cos@ = Rp of eid

= ipock since = LP of @
ice

DH

- Top of a est"
⇒



= IP of e
""
a- 230
(D-13172-1

= Ip of est" d-x)
-I
=L -12 txt . . .

D2 -16Di - 10

= IP of est" Ctf
To CI -good -71)

-
- IP of ;eo ( I - [6¥ D

''
a

3in
a- Ip of ÷ ( Itfold) K

=ip of geoid (at )
-
- IP of -qo3 ( a -131)
-
- IP of cos 32 tism3K) CK -13¥)
= (zfos3xtn5m3a)

PI = -3Yo3→ -asinsx
10

15 . Solve CD'-213ft ) y = a cook
AE : D2- 2b -11 = 0
(D-1) 2--0

D - l
, I

CF = (4ktCz) e
"



PI = acid ⑧
(D-D2

= x cog x - LCD - I)

DID
-

cosa

(D - 1) 4

= a cook - 2lb -1 )
¥2011 -

cask

(D'-213+15 L replace D2with - I

= a cook - 2¥
72g

uesx

integrate f 4132 preplace D
' with - I

= -

kg sink - CD- I) cask I don't really
- understand

.

2C-l)
= -assign tagI differentiate
= -ntmk +Caesx)

2

If X=E"bsinccxtd) xn , use corset

16 . Solve (D'-4Dt4) y = 8×2 ed" sin2x
AE : D2-UD -14=0
(D- 2) '-- O

D -2,2
27L

CF -- Chae -1410
p→ Dt2 ⇒ CD-212-7 D

"

Pf -- et"828in f
D2

= @2748) shirk
✓=
-costa

D2 heat a-

= Get" JJ 22 ginza da
du' Zxdn du-- sin 2x

-
- se
"

f -cashew -12243ft + Ift YEI)



-

- set" f -single at - caged Galt Chinch)
⑧

+8e'"f xsinzx-dsetfewfuesqe.de
=
- Lemkin2x W - Let"dos2K) K t e'"sin2x
+ 8 e" ( f-unfix) x - f

-sink) t singe)
= -date"sin2x - 2xe'"cos2x t et"sin 2K
- 2nd"cos 2K t eHsin2x tension 2x

= -Late" sin 2x - un e" cos2x t 3e"sinbe
19.11.19
Tuesday

METHOD of VARIATION OF PARAMETERS

A second order linear ODE is of the form

y
" t Pg' t Qy -- X

where P, Q , X are all functions of x
.

In particular, if P Ee Q are constants
,
then we have

y
" t k

, y
'
t Kay

-

- X

If D= dq ,
then the auxiliary equation is

D't k, D t k, = O

CF = c, y , la ) t Gyula)
where y , and ya are independent solutions.



To find the PI by the method of variation of parameters, ⑧
PI = -yifyawxdx t Yafywixdx

,
Polish Mathematician

where w is called the Wronskian of y, Ey, i given by

w -- l :: ::/ orb: :L
the complete solution (CS) = y -- Cft PI

called variation of parameters
• PI derived from CF by varying c, q Cz as functions

17 . Solve ( 1541 ) y
= cosecx

AE : D't I =D
D= I , i

Cf = (C, cosset czsinx) e°
= C, y , t Czyz

y ,
-
- Cosa

y,
-
- sink

i. w 49£: ::/ -- s.
PI = - y , fyawxydxtyrfywt.dk



PI -- - cosxfsinkx dx t sin x f uesiyxdx
④

-
-
- cos u f da thin af cotsedk

PI e -a cosset rinse bn China)

CS : y = C , cosset Cainx - kioskt Sina onChina)

18 . ( D2-1213+2) y
= e-
" sein

AE : D2t2b -12 =0

D=-2*24-78 = -I ±Fz = - I ti

CF = (c, cos k t CzSina) e-
"

y , = e-
"
come y n -- e-

"
sin si

w .- l :: :.tt::::*. e

::::.
..

I
w = e

-2"
cos
'
x - e-Atman t e-msn.int eM¥ iosx

W -

- e
-221



Ps -- -yifyawxdxtyzfywxdx ⑧

= -e-
"

aesxfe4im-eyy.su#dx- e-%mnfeYcosz÷e3xdx/ -

=
-eMusic f tana sein de + e

-

Hsiung seihedx
K

⇒Encore tank t e
-

rinse tank

-K

=L ( misname)
x

19 . Solve (D43Dt2)y
= ee

AE : DH3D -12=0
D= -31¥
2-

= -31¥
-2
, T

Cf = C, e-
"'
the

"

" l : : ::H÷: :
= - e

-3k
+ 2 e-

3k
= e

- 3"



P2 -o - y ,Jg da t yifyyxdx
⑧

-
-
- e
-"

fe÷.ee
"

da t e
-"

f ee"dxe-In

=
- e
""

f em ee
"

da t e
"

Jen ee
"

du

= - e-
2"

fer e' ee'The e e
"

e
"

=
- e
-m f t et de- e e

-a ee
"

= - e
-M

[tet - et ) t e
-nee
"

= - e
-2" ( e" ee

"

- ee) t e
-"ee
"

= -end + e-
"'
ee't eyed

P2 = e-Hee
"

Cs : y
-
- CFt PI



so . 641) y = 1- ⑧
It Sfm x

AE : D't I = O

D= i
,
i

Cf : (c, Cosa t Cz sink )

W = /
com anise

-min cosy ) =/
Pt -- -cosaffftpm.de e minftp.#dn---uesnfdntcosxfgd+n-.mctsinnlnlHsima)

= -noon + sinn en CH min) e uesnfdnltfniy
= -a cook c- sin n lnCH sinn) t corn JHEINIE

2tanyzttann-cuemfdt.veHtt



DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS ④
c) Cauchy's Homogeneous Equations

An equation of theform

andd÷ + 4 am deity, t Kameda:# e - - n t knight + any --X

where ki are all constants , is called Cauchy's Equation

a Homogeneous: power of a = order of derivative

• convert to one with constant coefficients
.

To reduce the above equation to a DE with constant coefficients
,

we write
← independent variable : t

x-- et or t-- ln x

consider dyldsc term

o:# = G- - dat =L OF

Kolya = def = Dy where D¥

consider day Idnt term

dig -
- da (dean) -dose (Idfa)
-
- Falta) dat t # Intake)
= Fifty + Iz dat (daff -dta

AI = -iz dats t I diddat t 2 dt2



to xtddy = -diff tdy ③DEL

"days =
- Dy t D

'

y

NZDIY = D CD -1) y
due

similarly ,
'

x'ddiyy, =DCD-D CD -2) y
and 80 M

with this substitution
,
the given equation reduces to a DE"

with constant coefficients.

(2) LEGENDRE'S EQUATIONS

An equation oftheform

caatbYdd.gs t ki Cantb)
""

d!←,

t
- - - t kn-i careb)dat t kn y

-
-X

where ki are all constants is called Legendre's Equation .

To reduce the above equation to a DE with constant
coefficients, we write

axes = et or t - lncaxtb)

considering dyldae term

day i dat (¥4 -

-a dyed
cantb) dad,

= adage = a Dy



(

considering d'y/dt term 330
d¥. -

- falafel -dal ¥bd¥
-

- dateKa*)

taffbad.TL#tl--dafC-a.EI4taE5daIhCaxtb72dd2yq
= -a2d# t a'diff
= a
' l-D -115) y

caatbjhdy = at DCD-1) y
dk

Similarly ,

CaxtbPd}y, = a
' DCD-1) LD-2) y

and 80 on

22. Solve a death - Zay - at¥

Multiplying by a

atddyy - ay = Wtf
Let t = Inca)



aid - ay = 202¥ 340
Neet or E- link

the equation reduces to

DCD-1)y
- ay - e

't
te
't

(D2-D -2)y = e
't
te
-t

AE : D2- D -2=0

CD -2) (DTD --O
D= 2

,
D=-I

Cf -

= geste cut
It -t

PI --e- te-
D2-D-z D2-D-2

It -t -t
-
-e- t ¥2 = tetter
4-2-2 LD -I 2b-I

2T
PI = t.ge + tet

-s

Cs -

- y
-
- qeu-eqe-tttgt-t.IT

y
-
- Cik tgz + Check

'

- ene
3 32L



23 . Solve 2dg"- 32cg' -15g =3 sincere) 350
Let a-et ⇒ t-- lnx

Let D=d-
At

the given equation is

DID -Dy - 3 by -15g =3 sink ) D=d_
( D ' - D -3D -157g = 38in ft) dt

(D'-413457g = 38inch

AE : D2-Lib -15=0

D=4M¥ = 2£75 = 2# i

CF -- Cc , cost tczsint) ett

PI = assist D2-- - I
122-4131-5

PL --3Mt = 3C4t4#nt=CDnt
-UD -14 42-16132 16-1615

3
= 12C ItD) tint = 1/2 Christ c- cost )
- -

1611 -D') 414 (2)

= Iconic tweet ) -

gzcsinlnxltcosllnaDPI-fesfmlnxltues.im)

CF -- (c, aesclnxltczsinclnse))at

y -- g- (sin Clinic) tuesclnx)) tfqueslnxtCzsinlnn)at



24. say " - ay! ty = thx
, given ya) -- O and y'll)

-
- O④

Cauchy 's form
let t -- luv ; et -- x
let D =L .

at

nc -
- nd

DCD-Dy - Dy ty -- t r Cn-r) ! No
④Z- 2b -11) y - t = n Cht) Cn -2) . . . .cn -rtd

AE : (D - D
'
-0 try

D= I , I

Cf -- CcittChet
-(Cllnxtcz)x ( ftNn - I -14,

atYacht - -.

pz --t Clea52=1+-44,4+4244,32 .nlCD -D"

yay
-2
, I + 2x +37kt - - -

= CI-DJ't
= ( I -12D) t
= (t -121

PI = t -12 - lmk-12

Y = CFTPI
y = C, alma t Cz N t thx-12

o

'

= C, the thx -12
Cz = -2

y
' - e

, ( lnktl) t Cz tf
O -- G - htt ⇒ 4--1

ya alma -2kt Matz



-

25 - n'y
"

tag ' ty -
- Cena) sincere) ③

Let t= lmk y a
-

- et
p -ed
at

DCD-Dy t Dy ty -- twist
CD-+by = twist

D= i, i

unreliable
CF -- C, cost t Czsint

(use i.m. for
failure conditions)

↳
PI --

t.ge#/reptaeimng.,Dg2wim-lPf--tnist--2DCD2yj2Shirt
D2et

'

z t tshirt
- ITE tint inside

X f÷÷::".is#..:.Ftt*ne--tIC-costi---Edz
cost

=
- Ia cost

= cost



PI -- tsiut eit -- cost tisint 380
D2-11

= Im of feit
⇒ shift D→Dti

= Im of eitt
(Dti)'t I

= Ten of eitt
D2 -12:D

-
- Im ofeitz.mg#y--ImofeitCItzDyIzfjCI-x51--Tmof-ieit

( I -Igi)
-

¥y -Itxtx't . ..

= Im of - ieit ( itDiz -Df)#
= Im of -ieit (¥ +If -GI) t
-- tin of iezit ( ftdt + it -ft)
-
- Tin of -i (tf + it IT)
-
- Tm of f- icosttzint) ( tf titz -I )
-- Tin of If -iciest tshirt) (Feit -z)
-
- tqfcostittizcostttsmt)← can be ignored

PI = -thot tcogst + tomb
C- S : g -- CF t PI



26 . (32+2) y
"
t 3 at2) y

'
- 36 y = 3h44att 390

t-- In C3Nt2) et = 32+2

Let D=d-
at

(9) DCD-D y t 3137 Dy - 36y = 34¥)' t 4 ( et⇒ -1 I
= eht-4z-yettxetz-8.tl
= e2÷4t3 = e2tg

(9) DCD-Dy t 3G) Dy - 36g
-
- Igt GI

Gp2-9lb -19N -36 ) y -e÷t -I
9 CD
'
-4) y

-

- ez
't

-3
AE

D= 2 ,
- Z

CF -- C , ett + c,e-
2T

PI --⇐ left -t))¥f
Pt -fe

D2- 4

-

-* ¥÷ -El:÷l
-Tilsit) - ah, Eu)
-

- taki tata ,



PI --⇐ (E) + ¥4
④

2T
-
-tog t#
= lnC3xt2) (3242)

'

th

Tg 108

y = C, Gath
'

+ Cachet252 tC3%tglnC3at2) th108
25.11.19
Monday
27. Solve Ctx)

-

y
"
t (Ita) y' +y = sin@ (endtxt))

taxtb
Let itx -- et ⇒ t-- lncltx)
let D=d-

At
refresh

-

: DCD- 1) y t Dy t y
-
- sin 2T

CD4by = sin2T
A -E : D' -11 = 0

D= I, i

CF -- Guest taint) = c, cost tczsint

PI = 8m2t = shirt

041 ¥,

= might

C-S = G cos Clncltx)) tasim (lncltx)) t sni2ClrD
→



28. Solve (21+3)
-

y
"
t 6 (2x -13) y

' t by -- ln (2x -13) ④
Let 221-3 = et ⇒ t -- ln (2x -13)
let D=d-

at

④CDKD -1) y t (6)(2)(D)y + by = t

(402-41) t 120 1-6)y
-
-t

(402+801-6) y = t

A -E : 4D2t8D -16 so
202-1413-13=0

D= -h±f⇒
-

4

= -I IFS
4-

= -I±2r = - Itfzi
D= -I t II

2

CF -- ( c, cos Itrztczsimtzf) et

PI = 4D¥p+6 = 41¥72)
= t

Diy)
"ID)t

= I -¥ = to - I



SERIES SOLUTION OFA DIFFERENTIAL EQUATIONS ④
• Analytical solutions fail
• Either do numerical integration - Euler (Math III)
• Assume infinite series solution of y (MathII)

consider a DE of the form →
second order
linear

, homogenousPola) duty t RCHda t Beaty
-
- O → i) ODE

IN
functions of x

If Polat to ,
then a-a is called an ordinary

point of equation Cl)

otherwise
,
Ka is a singular point .

A singular point x=a of equation CD is called regularcandytic) if when equation a) is put in the form

8¥ t giant # + ¥a y -o

Qila) and Qzcx) possess derivates of all orders in the
neighbourhood of a ca -h , ath)

A singular point which is not regular is called an irregular
singular point.

←
when will

this

EXAMPLE Il) become 0 ?

Consider the DE atlatl)-y
" t 624) y

' t dy -- O
p

x-0,1=-1
are singular
points



HO and a ---I are singular points Conly highest order form) ⑧
Dividing by neatly, we get

Y" t.YI-m.my' +I --oatlatl)'

s
" t 's

.
§
' t.ae#,.g--o

- -
-

[ when 2=0
,
n= -I

function not defined

Lethal ",Y*, i
Mn) = after

a.Pla) -- an¥, ,
NNN -

-Tae
T
71=0 ,

irregular

this shows that alto is an irregular singular point
Alto
, att) Pk) = NIL ,

②ti)
-

PTal =÷u
t defined at K -

-
- I

since these functions are differentiable continuously at a--I
,

the point set is a regular, singular point .

EXAMPLEe)
2B CAT) dig c- Ha- l) dy

da- q t5xy -o



-

study co-et of highest order term, find singular points ④
Kd Cx-I) =o ⇒ a-0 , a

-

- I are singular points

Dividing by Mcat)
,
we get

Y" t ¥3 Y' tawny -0

PGL) --2- P'Cx) = 5-
a Wha-l)

test at x-- O

x Pcn) =L at Pdx)
K- (x-D
T zero is

irregular, singular point
test ata -4

Cat) Pla) = In-17 @-D
' P'Ca) - scat)

To Tv
[ differentiable/ ata-4

KH is a regular,
singular point

EXAMPLE (3)

222g" t TakeDy) -3g -0

singular points : x-0

Dividing by 2W
,



Y
"
t 2z% y

' -

zag
-
-o ④

Pla) = Intl) P 'Cx) =3-
27 222

upon = Intl) n
' P' la) =3

2- 2

i. o is a regular , singular point
theorem 1

When tea is an ordinary point of eg- H , its every solution
can be expressed in the form

Y : Ao t 9,ca-a) tada-a)
'
t - . . - a)

theorem 2

when sea is a regular point of ego) , at least one ofthe solutions can be expressed as

f- Ck
-a)
m

[aot 9, ex -a) tazcx-att -J - (3)

SERIES SOLUTION WHEN 7=0 is AN ORDINARY POINT OF THE EQUATION

consider today + P
, deaf t Ry -- O

where pls are polynomials in n and Polo) to



To solve this equation , ④
d) Assume its solution to be of the form

y
-
- Ao tape t ain't . . .

Find dry , Iq and substitute in the given eg .

I Equate to 0 the coefficients of the various powers of se,
and determine Az, Az . . . in terms of 90 andall 2 arbitrary

constants

④I Substitute the values of an, as and so on to get the desired
series solution having 90 and a

,
as its arbitrary constants .

29 . Solve in series the equation dig
( due

thy =o

coefficient of dig to when neo
doo

the coefficient of y
" -4 to at x -O

therefore
,

se --O is an ordinary point of the DE .
Theorem it applies when a -0 is ordinary .

Assume y
-
- got apl t 92Mt -- - t an ant . . . . A

y
' = a, t 2am + 39gal + 494N

'
e - . . + nansen

-'
t . . . a

Y" = 292 t 3.2. 95k t 403 . ok,Khe . . .

th Cn-Hansen-4 - - -a



Substituting for y
'' andy ④

the given DE is

Chota,-130293×-1403 .aqxtt . . -
then-Danka-4 .

. - a) t
xcaotapetqzxttazih . . - that . . - A) = O

201092 t Nao -13293) t 249 , -14.394) t - --

tx (any tCnt27CntD9n+z) = 0

Equating to 0 to coefficients of various powers of x , we get
del . 92--0 ⇒ 192=-0-1

ao -13.2 as -0 ⇒ /az=-aoT)→
4. 3.ay ta, -- O⇒ au -- 7÷g ⇒ /ay=-2aq
5-has taz --O ⇒ /as- (Yaz -Y
' % As I 911 , 914 - .

. are all 0 .

In general, recurrence
ctNntD9n+z- any -

- o g relation

Antz --
- any
¥4 I

n -432,3 . . .



substituting n-- 4 , 5,6 and so m successively ⑧
a.
-
- Iast = goes, 44*-92
ai -- ;÷ -

- goat,
-- 19--2%71

Daro
w

aoi-aa.ge -- t.gg, =faaf÷7
de y

-
- ao tape tank t .

. - t an ant - n a

-
- ao taint fg÷)att nd t flags)n

'

Ya;x't.fm?yie--.--9oCl-3e?.tl.4gq!-lo4o#e9t. . -
a)

ta , ( a - 241,4 t 2¥me - . - a )



Frobenius Method : series solution when x--0 is a ④
regular singular point

coefficient of highest -order derivative to

consider fPod¥, +
P
, dye t Pay -- O

becomes o at x--o at Io , use plrev . method)

using theorem

c) Assume the solution to be

y = am Cao -19,21 taza't -
- - tan Kent . . - a)

dis Find y
'
, y
" and substitute

iii) Equate to 0 the coefficient of the lowest degree
term in x.

It gives a quadratic equation called the indicia equation .

⑥ I Equate to zero the coefficients of the other powers of
x and find the values of a , saz , Az . . . in terms of ao

(vs the complete solution depends on the nature of roots of the
indicia equation

evil whenthe roots of theindicia equation are distinct, anddo not differ by an integer , the complete solution is

- y evaluated atm,

ya c, Cylon , e Cr④ma
- r
a constants as Ciao g czao are constantswhere m

,
and M
, are the roots



30 . solve in series equation ⑤
9all-x) y

" -12g't 4g = O

Kao is a singular point since coefficient of y
" is 0 at 2=0 .

Therefore
,
assume

y = am Cao tape tazxtt . . . t anant . -- a)
Mt n

y = aoam ta, Kmt't aascmt't . . . t an x c- . . -a

Mtn-I

y
' = Mao Xm

-I
+ Cm-1179 , Kmt Cmt2) q2 Xm

"
t . . .

-1cmthank
t- -

- D

y
" = Mcm-Dao nm

-7- sent Dcm) a , am Lm-1271Mtl) avant . - - A

substituting ,

Gell-x) [MCM-Hao 7cm
-Fanti) (m) a, um

-te Cmt2) Conti) Azamt -
- - a]

-12 Lmaoam" t CMH) a ,ant Cmt2) azam't . . . AT

+4 (xMao t a, am" ta, am't . .
. d]

The lowest power of n is am- I

Equating too its coefficient, we get

9amCm-1) go 2cm
-2
- 12MgoAmt

MCM-1) go - 12Mao) - O



9MHo - 9m9o - 12Mao = o ⑤
9Mt -21M =O Cao fo)

3M (3M -71--0
(difference should not be an

on-- O and on --7/3 integer and are distinct)

Equating to 0 the coefficient of am

-9cm)Cm-Dao c-91MtDlm) 9 , + than-1119, -1490=0
C-9mL-19M)ao t 9Cm4m) a , -42M -112) A, -1490--0

Aof -9m49mt4) ta , ( 9m2f9m - 12M -12) -- O
- do ( 9mL-9M -4) + a , m2-3M -121--0
- ao ( 9mH2mt3m -4) ta, (3) (3mZm -41=0
-ao ( 3M (3M-4) tlC3m-4 ) ) c-39113mL-4M -13M -141=0
-ao ( 3M -11713M -4) -139 , ( 3m-a) CMH) -

- O

met 413 (m--0,213)

-9013Mt) t 39 , Conti)
-
- O

Sa , Cmt) do?3mtl)

similarly ,
3azCmt2)

-
- A , C3CmtD -11 )

393cm-137=9263 Cmt2) tl)

al
-
- 37M¥, ao , as

=}YmI⇒ai=@m#C3m3cm-12)@ anti)



Az
-
- 3Mt az=C3mtHC3mtuK3m# a, 520
3cm-13) 33 (mt5xm-127cm-11)

and so on

when M -O, 9,

Azz 104
3.2.72

do =

3.6

Ag
-
-liao = 1.4€ ao

33.1.2.3 3.6.9

When m--7/3 ,

91%90 , as -_,8÷g no , 93--8.11012 a.10-13-16

the complete solution is

y
-
- a Cylon, t me

0--4[I ttzktlg.42E-lj.us?gx3eeoJaoa
+call t÷k+f÷x't go.jo#x3..oJaox43
But Gao is one constant and Kao is another.


